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New Concepts
This work demonstrates that anomalous cryogenic transconductance in nanoscale quasi-ballistic 
transistors originates from quantum-capacitance-induced electrostatic renormalization, rather than 
from additional transport nonidealities. In a 65 nm Si transistor measured from 250 K to 12 K, a 
Landauer-consistent transport model accurately reproduces the drain current but cannot capture 
the low-temperature transconductance shoulder. By decomposing transconductance into transport 
and charge-response terms, the study identifies a rapidly varying gate-control factor, governed by 
quantum capacitance, as the missing physical mechanism. This concept differs from existing 
transport-centric descriptions because it treats carrier statistics, sub-band occupation, and gate-to-
channel charge coupling as primary determinants of differential device response. A compact two-
crossover quantum-capacitance framework simultaneously reproduces both drain current and 
transconductance, including the cryogenic shoulder. The work provides a materials-level insight 
that the electronic density of states and quantum-statistical charge susceptibility can reshape 
observable transistor response even when the current itself remains smooth, offering a predictive 
route for cryogenic CMOS and quantum-interface electronics.
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ABSTRACT 

Understanding the transconductance (gm) at cryogenic temperature remains a major challenge 

in the physics-based modeling of nanoscale field-effect transistors. Although short-channel drain 

current (ID)–gate voltage characteristics can often be described accurately within transport-based 

formalisms, the corresponding gm commonly exhibits pronounced low-temperature anomalies that 

remain unexplained. Here, we investigate a 65-nm Si n-channel transistor measured from 250 K 

down to 12 K and show that a Landauer-consistent model provides an accurate quasi-ballistic 

transport baseline for the ID across the full temperature range, but fails to reproduce the shoulder-

like gm feature that emerges at deep cryogenic temperature. We show that this residual discrepancy 

originates not from transport nonidealities but from quantum capacitance (Cq)-induced 

electrostatic renormalization of gate-induced charge modulation. By decomposing the gm into 

transport and charge-response contributions, and introducing a gate-control factor governed 

primarily by the Cq, we derive a compact framework in which the corrected gm consists of 

renormalized baseline and differential electrostatic terms. A two-crossover parameterization of Cq 

in the effective gate-overdrive domain enables simultaneous and self-consistent reproduction of 

both the ID and gm, including the cryogenic shoulder. These results identify anomalous cryogenic 

gm as a Cq-induced signature of rapidly varying gate-to-charge coupling in quasi-ballistic 

transistors.
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1. Introduction

The transconductance (gm) constitutes a fundamental figure of merit that governs the 

performance of field-effect transistors (FETs) across both device and circuit hierarchies.1 It directly 

determines small-signal voltage gain, noise efficiency, and energy-delay trade-offs, and underpins 

established low-power and low-noise circuit design methodologies that exploit the ratio between 

gm and drain current (gm/ID).2–4 A rigorous physical interpretation of gm is essential for reliable 

device optimization and circuit-level performance predictability. However, at deep cryogenic 

temperatures, a systematic discrepancy emerges: although drain current–gate voltage (ID–VG) 

transfer characteristics are often reproduced with reasonable fidelity using conventional transport 

formalisms, the corresponding gm exhibits pronounced anomalies, including nonmonotonic 

behavior, systematic peak shifts, and substantial quantitative deviations from experimental 

observations.5–8 These behaviors are reproducible across device ensembles and temperature ranges, 

but cannot be attributed to numerical differentiation artifacts, parameter-extraction instabilities, or 

measurement uncertainty. Rather, they point to a fundamental deficiency in the physical 

description of VG-mediated current modulation in cryogenic FETs, indicating that the breakdown 
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of gm predictability reflects an unresolved physical mechanism intrinsic to the cryogenic operating 

regime.9–12

Existing theoretical and compact-modeling frameworks have predominantly interpreted 

cryogenic FET characteristics from a transport-centric perspective, extending drift-diffusion 

formalisms and incorporating quasi-ballistic or injection-limited effects via Landauer-type 

descriptions.13–17 Such approaches have been successful in capturing the ID under low-field 

conditions by accounting for finite channel length, temperature-dependent scattering, and ballistic 

transmission constraints. However, they implicitly assume that VG-induced charge modulation 

remains classical and only weakly temperature-dependent. This assumption becomes increasingly 

untenable at deep cryogenic temperatures in which the gm probes not only the carrier transmission 

efficiency but also the degree to which the VG modulates the channel electrochemical potential.15–17 

By definition, gm = �ID/�VG and directly reflects the VG sensitivity of the inversion charge density. 

In this regime, the pronounced sharpening of the Fermi–Dirac distribution and emergence of 

quantum capacitance (Cq) associated with discrete sub-band occupation modify the electrostatic 

coupling between the gate and channel.18–20 The gate-control factor governing charge modulation 

acquires a strong dependence on both the temperature and gate bias, determined by the combined 

influence of oxide, quantum, interface state, and depletion capacitances. Even when the ID is 

accurately captured within transport-based frameworks, the corresponding gm can deviate 

substantially unless electrostatics and carrier statistics are treated as primary physical determinants 

alongside transport phenomena.
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Despite these insights, a critical gap persists in existing literature. Prior studies have largely 

treated transport corrections and electrostatic effects in isolation, without establishing a unified 

framework that can simultaneously account for both the ID and gm at cryogenic temperatures.9,10,13 

In particular, although quantum capacitance, interface states, and related electrostatic contributions 

have been discussed in the context of charge accumulation or threshold-voltage behavior, their 

quantitative influence on gm has rarely been examined in a manner that is self-consistent with 

transport-limited current flow. The persistent discrepancy between the accurately reproduced ID 

and anomalous gm has often been attributed to phenomenological mobility degradation, parameter-

extraction artifacts, or device-specific nonidealities, rather than shortcomings in the underlying 

physical description.21 To date, a systematic analysis that explicitly separates the sensitivity of the 

current to the channel charge from the sensitivity of that charge to the VG, and clarifies how 

quantum-statistical electrostatics govern the gm in the cryogenic regime, has remained absent. This 

lack of a unified, physics-grounded framework has hindered the coherent interpretation of 

cryogenic gm anomalies and limited the predictive capability of existing models.

In this study, we establish a physics-based framework for the gm analysis in cryogenic FETs. 

We adopted a Landauer-consistent ID model as a transport baseline to minimize the ambiguities 

associated with quasi-ballistic carrier transmission and isolate transport-related contributions to 

the current. We demonstrate that the persistent inconsistency between accurately reproduced ID 

and anomalous gm originates from gate-induced charge modulation governed by Cq and related 

electrostatic capacitances, rather than transport nonidealities. The temperature- and bias-dependent 

evolution of the Cq was quantitatively modeled using Fermi–Dirac statistics, explicitly capturing 
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the effects of sub-band occupancy and sharpening of carrier distribution at deep cryogenic 

temperatures. By incorporating these quantum-statistical electrostatic effects into the gate-control 

factor, we developed a physically consistent gm model that enables the simultaneous and self-

consistent reproduction of both the ID and gm across the cryogenic regime. This framework 

elucidates the physical origin of cryogenic gm anomalies and provides a predictive basis for 

interpreting and modeling gm beyond transport-centric descriptions.

2. Landauer-Consistent Drain Current Model and Transconductance Anomaly

2.1 Temperature-dependent transfer characteristics and anomalous gm behavior at deep cryogenic 

temperatures

Figure 1 presents the temperature-dependent transfer characteristics of the Si n-FET 

investigated in this study (see Methods), featuring a physical gate length and channel width of L 

= 65  nm and W = 2  �m, respectively. Measurements were performed over a wide temperature 

range from 250 K down to 12 K at a fixed drain bias of VD = 0.1  V. As the temperature decreased, 

the transfer characteristics exhibited systematic and well-known trends, including an enhanced 

subthreshold slope and increased on-state ID at a given VG. These changes reflect reduced phonon 

scattering and the consequent improvement in carrier transport efficiency at cryogenic 

temperatures.22,23 Despite the pronounced temperature dependence, the overall shape of transfer 

characteristics remained smooth and monotonic over the entire temperature range. No abrupt 

features or anomalous structures were observed in the ID itself, even at the lowest temperature of 

12 K.
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In contrast, the corresponding gm characteristics, shown in Fig. 1b, display a qualitatively 

different temperature dependence. At elevated temperatures (T � 75 K), the gm exhibited a single, 

well-defined peak as a function of the VG, consistent with conventional expectations based on 

smooth gate-induced charge modulation. As the temperature decreased, this peak systematically 

shifted toward higher VG and increased in magnitude, indicating enhanced gate control and reduced 

thermal smearing. However, at a deep cryogenic temperature (T = 12 K), the gm departs from this 

monotonic evolution. In addition to the primary gm peak, a distinct shoulder-like feature emerges 

on the higher-VG side of the main peak. This shoulder feature is reproducible across multiple 

measurements and devices and is absent at higher temperatures, indicating that it is an intrinsic 

characteristic of operation in the deep cryogenic regime rather than an experimental artifact or 

numerical differentiation effect. Importantly, no corresponding feature was observed in the transfer 

characteristics, demonstrating that the anomaly manifested exclusively in the gm. The coexistence 

of a smooth ID and nontrivial structure in gm highlights the qualitative difference between the VG 

dependence of the ID and gm at deep cryogenic temperatures to motivate a more detailed 

examination of the underlying physical origin in the following sections.

2.2 Landauer-consistent transport baseline

The device investigated in this work has a physical gate length of L = 65 nm, for which finite 

channel length effects become appreciable, particularly under cryogenic operation where the 

carrier mean free path increases as phonon scattering is suppressed. Under such conditions, the 
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low-field ID can no longer be interpreted solely within a purely diffusive drift–diffusion picture. In 

the conventional linear-regime description, the ID is written as

app oxD DGt

W
I C V V

L
�� ,

2
D

TGt G

V
V V V� � � , (1)

where Cox is the oxide capacitance per unit area, VT is the threshold voltage, VGt denotes the 

effective gate overdrive, and �app denotes the apparent mobility inferred from electrical 

measurements. To account phenomenologically for the reduction in mobility with increasing 

inversion level, �app is commonly parameterized as

� �
0

2

1 2

( )
1

app Gt

Gt Gt T

V
V V V

�
�

� �
�

	 	 �

, (2)

where 
0 is the low-field mobility, and �1, �2, and ��T are phenomenological parameters 

describing field-dependent mobility attenuation. Although this formulation is adequate in the 

diffusive limit, the mobility extracted from the measured ID–VG characteristics in a short-channel 

device no longer represents a purely scattering-limited quantity once the quasi-ballistic injection 

becomes non-negligible. Instead, it incorporates both the channel scattering and injection 

constraint imposed by the finite channel length. 

To establish a physically consistent transport baseline, we adopted the Landauer-consistent 

ID model that we previously developed and published for the quasi-ballistic transport analysis of 

short-channel FETs.21 In the present study, this model was not re-derived in the main text; only its 

essential form is summarized, while the derivation is provided in Supplementary Notes 1 and 2. 

Within that framework, the phenomenological mobility attenuation is reinterpreted as the effective, 

scattering-limited mobility, while the experimentally inferred apparent mobility is decomposed 
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into scattering-limited and ballistic contributions through a Matthiessen-like relation.24,25 This 

leads to the compact linear-regime ID expression:

0

( )

Gt
D ox D

Gt

VW
I C V

L F V

�
�

�
	

, (3)

with

2
1 1( ) 1 ( )TGt Gt GtF V V V V� �� 	 	 � 
 ,

0

ball

�
�

�
� . (4)

Here, F(VGt) captures the VG-dependent attenuation associated with scattering within the channel, 

while � represents the gate bias-independent injection-limited constraint arising from the finite 

channel length. Because these two terms originate from distinct physical mechanisms, they cannot 

be absorbed into a single effective attenuation function. Importantly, � does not introduce an 

additional independent fitting parameter because the ballistic mobility �ball is determined by the 

channel length and temperature within the Landauer formalism; thus, the adjustable mobility-

related parameters remain identical to those of the conventional drift–diffusion model. The 

quantitative advantage of this formulation was established in our previous work over the 

temperature range of 12�250 K,21 where the conventional drift–diffusion model exhibited 

systematic deviations in the low-temperature, high-VG regime and yielded nonphysical mobility-

attenuation parameters, whereas the Landauer-consistent model improved the reproduction of the 

measured ID without increasing the number of adjustable mobility-related fitting parameters. 

Therefore, in the present work, the Landauer-consistent formulation is adopted as an already 

benchmarked quasi-ballistic transport baseline rather than introduced as a new fitting model.
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2.3 Experimental manifestation of the residual ID–gm inconsistency

Figure 2 compares the experimentally measured transfer characteristics and gm with the 

predictions of the Landauer-consistent transport baseline introduced above. The extracted 

parameters {VT, �0, �1, �2, and �VT} are summarized in Table S1. As shown in Fig. 2a, the 

Landauer-consistent model reproduces the measured ID with high quantitative accuracy over a 

wide temperature range, from deep cryogenic (T = 12 K) to near room temperature (T = 250 K) 

conditions. In particular, both the enhancement of the on-state current at low temperature and the 

smooth, systematic evolution of the transfer characteristics with temperature were accurately 

captured. This agreement confirms that once quasi-ballistic injection constraints are properly 

incorporated, the ID of the proposed short-channel device can be consistently described within a 

transport-centric framework.

In contrast, the corresponding gm characteristics exhibited a residual and systematic 

discrepancy, as shown in Fig. 2b. Although the Landauer-consistent baseline captures the overall 

temperature evolution of gm and significantly improved its description compared with a purely 

diffusive interpretation, deviations persist as the temperature is reduced. Most notably, the 

shoulder-like feature observed on the higher-VG side of the primary gm peak at T = 12 K is not 

reproduced by the transport baseline, despite the fact that the underlying ID is accurately captured 

using the same physically constrained parameter set. This point is crucial: the remaining mismatch 

cannot be eliminated simply by further adjustment of transport parameters because those 

parameters are already constrained by the successful reproduction of the ID. The residual 
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discrepancy indicates that even after the dominant quasi-ballistic transport contribution is 

accounted for, an additional physical mechanism remains necessary to describe the VG dependence 

of the gm in the deep cryogenic regime.

This residual inconsistency cannot be ascribed to numerical differentiation noise or limited 

measurement resolution because the anomalous gm feature is reproducibly observed in repeated 

measurements. The coexistence of an accurately reproduced ID and incompletely described gm also 

shows that a quantitatively successful transport model does not guarantee a correct description of 

the corresponding gm. While the ID primarily reflects the magnitude of the current transport, the gm 

probes the sensitivity of that current to the VG-induced charge modulation. Therefore, the residual 

cryogenic gm anomaly points to missing physics not in the overall transport baseline, but in how 

the channel charge responds to the gate bias. This observation motivated the analysis developed in 

the following sections, in which the origin of the anomaly is traced to quantum-statistical 

electrostatics governing gate-induced charge modulation.

3. Transconductance Decomposition and Quantum-Statistical Charge Modulation

3.1 Formal decomposition of transconductance

To elucidate the physical origin of the residual cryogenic gm anomaly identified in Section 

2.3, it is useful to explicitly separate the roles of transport and charge modulation in the gm. By 

definition, gm = dID/dVG. In the linear regime, the ID may be regarded as a function of the channel 

charge, while the channel charge itself depends on the channel electrochemical potential 
� which 

is in turn controlled by the applied gate bias. Applying the chain rule yields 
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chD
m

ch G

dQdI d
g

dQ d dV

�
�

� , (5)

where Qch is the inversion charge per unit area in the channel. Equation (5) provides a physically 

transparent decomposition of the gm into three distinct factors. The first factor, dID/dQch, represents 

the transport efficiency with which the channel charge contributes to current flow. The second 

factor, dQch/d�, quantifies the susceptibility of the inversion charge to shifts in the channel 

electrochemical potential and is governed by carrier statistics. The third factor, d�/dVG, describes 

how effectively the applied VG modulates the channel electrochemical potential through the gate-

stack electrostatics.

Within the present framework, the transport-related factor dID/dQch was already constrained 

by the successful reproduction of the measured ID using the Landauer-consistent transport baseline 

introduced in Section 2.2. Therefore, the unresolved issue is not the overall magnitude of the 

current transport itself, but the differential sensitivity of that current to the VG-induced charge 

modulation. Equation (5) clarifies why an accurate description of the ID does not automatically 

guarantee a correct prediction of the gm, while the ID reflects the magnitude of the channel charge 

weighted by transport efficiency. The gm probes how sensitively that charge responds to gate bias. 

The two models yield nearly indistinguishable ID–VG characteristics while producing substantially 

different gm values if their treatment of electrostatic charge modulation differs. This distinction 

becomes particularly important in the deep cryogenic regime, where the Fermi–Dirac distribution 

becomes sharply narrowed, and the channel charge response acquires strong quantum statistical 

sensitivity. The residual gm discrepancy identified in Section 2.3 is most naturally associated with 
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the charge-modulation part of Eq. (5), rather than with a further refinement of the transport baseline 

itself.

3.2 Quantum statistical origin of charge susceptibility

At deep cryogenic temperatures, the gate-induced modulation of channel charge can no longer 

be described by a purely classical approximation, such as <=ch;<�G > Cox. As thermal broadening 

is suppressed, charge accumulation becomes governed by the energy-resolved occupation of 

quantized sub-band states rather than by a continuous classical capacitance response. Under strong 

vertical confinement in the inversion layer, the carrier system may be approximated as a quasi-

two-dimensional electron gas with sub-band quantized motion normal to the interface.26 In this 

regime, the inversion-layer sheet density is expressed as

2 , ( ) ( )

n

s D n

n E

n D E f E dE�
�

� �
� , (6)

where f(E��) is the Fermi–Dirac distribution and En is the edge of the nth sub-band. For each sub-

band, the two-dimensional density of states is given by

2 , 2
( ) ( )

D n D n
D E D E E� � � ,

*

2 22

s v
D

g g m
D

�
�

h
, (7)

where D denotes the Heaviside step function, and gs, gv, and m* denote the spin degeneracy, valley 

degeneracy, and in-plane transport effective mass, respectively. 

The inversion charge per unit area is Qch = �qns. The susceptibility of the channel charge to 

shifts in the electrochemical potential was quantified using the quantum capacitance Cq. Defining 

Cq as a positive quantity,
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2 s ch
q

n Q
C q

� �
� �

� ��
� �

, (8)

and differentiating Eq. (6) with respect to � yields

2

2 ,

( )
( )

n

q D n

n E

f E
C q D E dE

E

�� � �� �� �� ��� �

� . (9)

Equation (9) shows that the Cq is governed by the convolution of the density of states with the 

derivative kernel ��f/�E, which is centered around E = � and has a characteristic width in the order 

of kBT. For a constant two-dimensional density of states within each sub-band, Eq. (9) simplifies 

to

2

2 ( )q D n

n

C q D f E�� �
 . (10)

Equation (10) shows that the Cq is directly proportional to the occupation probability of each sub-

band edge. As the electrochemical potential approached a sub-band minimum En, the 

corresponding contribution to Cq evolves from 0 to q2D2D over an energy window set by thermal 

broadening. At finite temperature, this is a smooth crossover rather than a discontinuity. However, 

as the temperature decreased, the crossover width contracts approximately in proportion to kBT, 

and the slope dCq/d� correspondingly increased.

This quantum statistical sharpening affects the ID and gm in fundamentally different ways. In 

this study, the ID is described using the Landauer-consistent transport baseline in Section 2.2. The 

underlying charge accumulation remains governed by the energy integral in Eq. (6), which evolves 

smoothly with the gate bias even when the electrochemical potential approaches a sub-band edge. 
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In contrast, the Cq depends on the derivative of the occupation function, and amplifies the local 

sensitivity to energy alignment. As thermal broadening collapses, Cq acquires a strongly bias-

dependent variation with respect to �, even though the measured transfer characteristics remain 

smooth and monotonic. The role of Cq established in this study is to quantify the intrinsic 

susceptibility of the inversion charge to shifts in the electrochemical potential of the channel. The 

conversion of this susceptibility into an experimentally observable VG response requires the 

additional electrostatic relation between VG and �, which depends on the gate-stack capacitance. 

Section 4 describes how this quantum-statistical charge susceptibility is translated into an 

electrostatic renormalization of the Landauer-consistent transport baseline, ultimately yielding the 

observed cryogenic anomaly in gm.

4. Quantum Capacitance-Induced Electrostatic Renormalization of the Landauer-Consistent 

Baseline

4.1 Electrostatic renormalization of the Landauer-consistent baseline

Section 2 established the Landauer-consistent model as the transport baseline for the present 

short-channel device. Section 3 showed that the residual cryogenic gm anomaly originates not from 

the transport factor itself but from the VG sensitivity of the channel charge. This section 

incorporates the electrostatic limitation of the gate-induced charge modulation into the established 

transport baseline.

Page 16 of 44Nanoscale Horizons

N
an

os
ca

le
H

or
iz

on
s

A
cc

ep
te

d
M

an
us

cr
ip

t



16

In the linear regime, the ID is proportional to the mobile charge induced in the channel. Within 

the Landauer-consistent baseline introduced in Section 2.2, this charge modulation is treated 

implicitly through the effective gate overdrive, such that the resulting current ID,0 corresponds to 

the reference case, in which gate control is transferred efficiently to the channel. In other words, 

the baseline current already contains the transport constraint associated with quasi-ballistic 

injection, but it does not include the additional reduction in the gate-induced charge modulation 

caused by the finite semiconductor-side capacitance. Once this finite semiconductor-side charge 

response is considered, the gate-induced channel charge is no longer determined solely by the 

oxide capacitance Cox. Instead, only a reduced fraction of the baseline charge effectively 

contributes to current modulation. Since the linear-regime current is proportional to the channel 

charge, this reduction can be represented, to the first order, by introducing a gate-control factor 

�(VG,T), defined as the ratio between the actual gate-induced mobile charge and the corresponding 

baseline charge. The electrostatically renormalized current is written as

, ,0Dnew DI I�� � . (11)

Here, � is not introduced as an empirical fitting coefficient but as a compact representation of the 

extent to which the gate-induced channel charge is reduced relative to the baseline description. In 

the classical limit, the semiconductor-side charge response is sufficiently large and does not hinder 

gate control, ��1, and the original Landauer-consistent baseline is recovered. In contrast, in the 

cryogenic regime, where the semiconductor-side capacitance can become small and strongly bias-
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dependent owing to quantum-statistical effects, � may deviate significantly from unity and acquire 

a pronounced dependence on both VG and T.

Differentiating Eq. (11) with respect to VG gives the gm of the renormalized model as

,

, ,0 ,0

Dnew

mnew m D

G G

dI d
g g I

dV dV

�
�� � 	 , (12)

where gm,0 = dID,0/dVG is the gm of the Landauer-consistent baseline. Equation (12) shows that 

electrostatic renormalization results in two physically distinct contributions. The first term, �gm,0, 

represents the baseline gm reduced by the finite gate-control factor. The second term, ID,0(d�/dVG), 

is a purely differential electrostatic contribution arising from the gate-bias dependence of the gate-

control factor itself. This second term becomes particularly important when the semiconductor-

side capacitance changes rapidly with the gate bias because under such conditions, even a smooth 

baseline current can produce a highly nontrivial differential response in the gm.

This observation is central to the present study. The measured ID remains smooth and 

monotonic even at deep cryogenic temperature, indicating that the overall transport baseline is 

well captured by the Landauer-consistent model. However, the gm, being a derivative quantity, is 

much more sensitive to rapid bias-dependent changes in gate control. A strong variation in � can 

generate shoulder-like or shifted features in the gm even when no corresponding anomaly is directly 

visible in the ID. The remaining task is to determine how � is set by the gate-stack electrostatics. 

In particular, it is necessary to identify how the finite semiconductor-side capacitance reduces the 
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effective gate-to-charge coupling relative to the baseline oxide-controlled limit. This is developed 

in the following subsection.

4.2 Electrostatic origin of the gate-control factor

Section 4.1 introduced the gate-control factor � as the ratio between the actual gate-induced 

mobile charge and the corresponding baseline charge. The remaining task is to determine this 

factor from the gate-stack electrostatics. Under quasi-static small-signal conditions, an 

infinitesimal VG change (dVG) is not entirely transferred to the channel charge. Instead, it is 

partitioned between the oxide and finite semiconductor-side charge response such that the actual 

gate-induced charge modulation is reduced relative to the oxide-controlled baseline limit.

Let Vch denote the channel electrostatic potential and dQs denote the differential 

semiconductor-side charge per unit area induced by an infinitesimal VG variation. Charge 

continuity across the gate stack requires

( )s ox G chdQ C dV dV� � , (13)

where Cox is the oxide capacitance per unit area. On the semiconductor side, the same differential 

charge is related to the channel-potential variation through

s s chdQ C dV� � , s q it dep
C C C C� 	 	 , (14)

where Cq, Cit, and Cdep denote the quantum, interface state, and depletion capacitances, respectively. 

Eliminating dVch from Eqs. (13) and (14) gives

s ox s
eff

G ox s

dQ C C
C

dV C C
� �

	
. (15)
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Equation (15) shows that the actual incremental gate-to-charge coupling is not Cox but the series-

combined effective capacitance Ceff. This result clarifies the physical meaning of the 

renormalization factor introduced in Section 4.1. In the baseline current model, the gate-induced 

mobile charge is treated implicitly as if the VG were converted into the channel charge with oxide-

limited efficiency, i.e., dQs,0/dVG > Cox. However, when the finite semiconductor-side response is 

considered, the actual charge modulation is reduced to dQs/dVG = Ceff. Because the linear-regime 

ID is proportional to the mobile channel charge, the ratio between the actual and baseline current 

responses is given by the corresponding ratio of gate-to-charge coupling factors. The gate-control 

factor follows naturally as

,0

/

/

effs G s

s G ox ox s

CdQ dV C

dQ dV C C C
� � � �

	
. (16)

Thus, � is not an empirical scaling coefficient but the direct electrostatic consequence of series 

capacitance partitioning between the oxide and semiconductor. In the classical limit Cs >> Cox, one 

obtains ��1, such that the original Landauer-consistent baseline is recovered. In contrast, when 

Cs becomes comparable to or smaller than Cox, the induced channel charge is reduced relative to 

the baseline oxide-controlled limit, and the current is correspondingly renormalized.

In the most general case, Cs contains contributions from the quantum, interface state, and 

depletion responses. However, Section 3 showed that the most pronounced cryogenic sensitivity 

originates from the quantum-statistical evolution of Cq, whose variation with the channel 

electrochemical potential becomes strongly sharpened as thermal broadening collapses. The 
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minimal working approximation adopted in the present study is to regard the cryogenic anomaly 

as being dominated, to the first order, by the Cq contribution, such that Cs � Cq (see details in 

Supplementary Note 3). Under this approximation, the gate-control factor reduces to

q

ox q

C

C C
� �

	
. (17)

Equation (17) provides the central bridge between the quantum-statistical charge susceptibility 

derived in Section 3 and the electrostatically renormalized current and gm model introduced in 

Section 4.1. Once Cq is specified, � follows directly, and the renormalized expressions for ID and 

gm can be evaluated accordingly.

4.3 Practical parameterization of Cq and final analytical model for gm

Section 3 established that the Cq is governed by the occupation of sub-band edges through the 

relation Cq~�nf(��En), where each contribution evolves from zero to a finite value as the channel 

electrochemical potential approaches the corresponding sub-band minimum. Section 4.2 then 

established that this Cq directly determines the gate-control factor through H = Cq/(Cox + Cq). To 

complete the model, it is necessary to express Cq in a form that can be directly evaluated from the 

measured transfer characteristics.

In principle, one can determine Cq by solving self-consistently for the relation between the 

channel electrochemical potential � and applied VG, and then substituting the resulting �(VG) into 

the Fermi–Dirac form derived in Section 3. However, such a procedure would require full 
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electrostatic treatment beyond the compact modeling scope of the present study. Because our 

objective is to construct a physics-grounded analytical model on top of the already established 

Landauer-consistent transport baseline, we introduced a practical parameterization of Cq in the 

effective gate-overdrive domain VGt = VG � VT � VD/2, which is the natural independent variable 

of the baseline current model introduced in Section 2.2.

Under this interpretation, the onset of each sub-band contribution is mapped onto an effective 

crossover voltage Vc,n, which represents the value of VGt at which the corresponding sub-band 

begins to contribute appreciably to the Cq. The ideal Fermi–Dirac occupation step in the energy 

domain is then represented in the VGt domain by a broadened logistic function:

,

1
( )

1 exp

n Gt

Gt c n

n

f V
V V

�

�
�� �

	 �� �
� �

, (18)

where �n denotes the effective transition width of the nth crossover in the VGt domain. This 

parameter should not be interpreted as a microscopic broadening energy or as a direct measure of 

disorder/inhomogeneity broadening. Instead, �n represents the voltage-domain width of the 

experimentally observed crossover after the underlying sub-band occupation process is mapped 

onto the effective gate-overdrive axis. Therefore, it can reflect the combined effects of thermal 

smearing, electrostatic gate-to-channel conversion, disorder/inhomogeneity broadening, overlap 

between neighboring crossover components, and other nonidealities that smooth the ideal sub-

band turn-on in the experimental data. Using this crossover function, the Cq contribution of the nth 

sub-band is written as
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*

, ,( ) ( )q n Gt q n n GtC V C f V� , (19)

where C*
q,n is the amplitude associated with the nth sub-band. For the cryogenic gm anomaly 

considered in this study, a single crossover is generally insufficient to reproduce the 

experimentally observed shoulder-like features on the high-VG side of the main gm peak (this is 

discussed in detail in Section 5.4). Therefore, we adopted a two-crossover parameterization in the 

minimal working form:

* *

,1 1 ,2 2( ) ( ) ( )q Gt q Gt q GtC V C f V C f V� 	 (20)

with

,

1
( )

1 exp

n Gt

Gt c n

n

f V
V V

�

�
�� �

	 �� �
� �

, 1,2n�  (21)

This form preserves the physical picture established in Section 3, namely, that the Cq increases in 

a step-like manner as the channel electrochemical potential sequentially approaches distinct sub-

band edges, while allowing each transition to be broadened in an experimentally realistic manner. 

Within this framework, the first crossover primarily governs the main increase in Cq, while the 

second introduces an additional change in the differential response that can generate a shoulder-

like structure in the gm. To avoid redundant temperature-wise freedom, the amplitudes C*
q,1 and 

C*
q,2 were treated as global parameters shared across all temperatures. The crossover voltages (Vc,1 

and Vc,2) and widths (�1 and �2) were allowed to vary within constrained bounds.

With the two-crossover parameterization of Eq. (20), the remaining task is to evaluate the 

differential electrostatic term introduced in the renormalized gm expression. Since VGt = VG � VT � 
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VD/2, one has d/dVG = d/dVGt for fixed VT and VD. The derivative of the gate-control factor is 

obtained by differentiating the electrostatic relation established in Section 4.2, which yields

2( )

qox

G ox q G

dCCd

dV C C dV

�
�

	
. (22)

Accordingly, the structure of the electrostatic correction is determined entirely by the gate-bias 

dependence of Cq. For the two-crossover form of Eq. (20), the derivative of the Cq is

2
*

,

1

q n
q n

nG G

dC df
C

dV dV�

�
 . (23)

Using Eq. (21), each crossover function satisfies 

1
( ) 1 ( )n n
n nGt Gt

nG Gt

df df
f V f V

dV dV �
� ��  � � � , 1,2n� (24)

so that Eq. (23) becomes

! "
*2
,

1

( ) 1 ( )
q q n

n Gt n Gt

nG n

dC C
f V f V

dV ��

� �
 (25)

Substituting Eqs. (22) and (25) into the renormalized gm expression, Eq. (12) completes the final 

analytical form of the proposed model. The resulting electrostatic correction is governed by the 

functions fn(VGt)[1 � fn(VGt)], which are localized around VGt � Vc,n. Consequently, the correction 

becomes strongly enhanced near the effective crossover voltages associated with sub-band turn-

on. This provides a natural mechanism by which a smooth baseline current can generate a 

nonmonotonic or shoulder-like structure in the gm. Within this framework, the detailed shape of 

the cryogenic gm anomaly is determined by the amplitudes C*
q,n, crossover voltages Vc,n, and 
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transition widths �n, which together control the magnitude, position, and sharpness of the 

electrostatic correction.

5. Results and Physical Interpretation of Quantum Capacitance-Induced Transconductance 

Renormalization

5.1 Simultaneous reproduction of ID and gm by the Cq-corrected model

Figure 3 compares the measured characteristics with the Cq-corrected model (the extracted 

parameters are summarized in Table S2). The corrected model preserves the high quantitative 

accuracy of the Landauer-consistent baseline for ID over the full VG range considered, from T = 

12 K to T = 250 K, as shown in Fig. 3a. The electrostatic renormalization does not degrade the 

transport description already established for the ID. Instead, it modifies the gate-to-charge 

conversion while retaining the smooth and monotonic evolution of the transfer characteristics. In 

contrast, the improvement becomes evident in the gm. As shown in Fig. 3b, the same model 

reproduced the measured gm with substantially improved accuracy, including the shoulder-like 

feature observed at 12 K on the higher-VG side of the main peak. This behavior is not captured by 

the Landauer-consistent baseline alone. The Cq-corrected framework reproduces not only the 

magnitude of current transport but also its VG sensitivity.

Figure 3c shows that this improvement is systematic across temperatures. The mean relative 

error (MRE) of the ID remained low, confirming that the electrostatic correction preserved the 

baseline transport accuracy, while the MRE of the gm was consistently reduced relative to the 

Landauer-consistent model. The full multitemperature comparison in Fig. S1 confirms the same 
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trend over all measured temperatures. Taken together, these results show that the missing 

ingredient in the baseline description is not an additional transport correction but the finite and 

bias-dependent gate-control factor associated with Cq-induced electrostatic renormalization.

5.2 Differential electrostatic origin of the cryogenic gm anomaly

The physical origin of the improvement can be identified from the decomposition of the gm. 

In Eq. (12), gm,0 is the Landauer-consistent baseline gm such that �gm,0 is the multiplicatively 

renormalized baseline response. ID,0(d�/dVG) is the differential electrostatic correction. Figure 4a 

resolves the measured gm at T = 12 K into these two contributions. A key result is that �gm,0 alone 

does not reproduce the measured cryogenic profile. Although it retains the overall scale and broad 

shape of the baseline response, it does not generate the shoulder-like feature on the higher-VG side 

of the main peak. That feature emerges only when the second term, ID,0(d�/dVG), is included. The 

cryogenic anomaly is not produced by a change in the transport backbone itself, but by the gate-

bias dependence of the gate-control factor.

The same decomposition remains valid at higher temperatures, but with a much weaker 

differential contribution. Figure S2 shows that at T = 250 K, the term ID,0(d�/dVG) is broader and 

less pronounced, such that the gm retains a conventional single-peak profile. The contrast between 

12 K and 250 K is not a change in mechanism, but a change in the magnitude and localization of 

the differential electrostatic term. This point also explains why the anomaly is prominent in the gm 
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but not in the ID. The ID reflects the integrated charge response and remains smooth as long as the 

charge accumulation evolves continuously with the gate bias. In contrast, gm = dID/dVG selectively 

amplifies regions where the gate-control efficiency changes rapidly. Therefore, the cryogenic 

shoulder is a differential electrostatic feature rather than a transport anomaly.

5.3 Temperature evolution of Cq, �, and d�/dVG

The origin of the differential correction is clarified by the temperature dependence of Cq, �, 

and d�/dVG, as shown in Fig. 4b. At 12 K, the evolution of Cq with the gate bias was relatively 

steeper than that at 250 K. This behavior follows directly from the suppression of thermal 

broadening: as the Fermi–Dirac distribution narrows, the crossover in Cq occurs over a smaller VG 

interval. At higher temperature, the same crossover is more broadly smeared, and Cq evolves more 

gradually. Because � = Cq/(Cox + Cq), this sharpening is transferred directly to the gate-control 

factor. At 250 K, � varies gradually with VG, consistent with a relatively smooth gate-to-charge 

conversion. However, at 12 K, � changes much more abruptly, indicating that the electrostatic 

coupling between gate bias and channel charge becomes strongly bias-dependent in the cryogenic 

regime.

The decisive quantity is the derivative d�/dVG. At 250 K, it is broad and smooth; therefore, 

its contribution to the gm is distributed over a wide voltage range and does not create an additional 
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structure. At 12 K, d�/dVG becomes more localized and more structured, so that the term 

ID,0(d�/dVG) is no longer a weak correction, but a pronounced contribution capable of reshaping 

the gm profile. The low-temperature shoulder in the gm is the direct differential signature of 

quantum-statistical sharpening in the gate-control response.

Figure 4b provides the link between the statistical picture developed in Section 3 and the 

experimentally observed anomaly. The anomaly does not arise from a discontinuity in the channel 

charge or a qualitative change in the transport law. It arises because the electrostatic susceptibility 

of the channel charge becomes sharply redistributed in the VG as thermal broadening collapses. 

Once this effect is incorporated through the gate-control factor �, both the temperature evolution 

of the gm and the distinctive shoulder at deep cryogenic temperature follow naturally. Consistent 

with this interpretation, the extracted crossover voltages Vc,1 and Vc,2 exhibited only modest 

temperature dependence (Table S2), indicating that the dominant temperature evolution arises 

primarily from the sharpening of the electrostatic response rather than large shifts in crossover 

position.

5.4 Necessity of the two-crossover description for the cryogenic gm shoulder

The remaining question is whether a single effective crossover in Cq is sufficient to account 

for the measured cryogenic gm, or whether a more structured electrostatic response is required. 

Figure S3 addresses this point by comparing one- and two-crossover parameterizations for the 

representative T = 12 K case. For the ID, both parameterizations showed nearly indistinguishable 
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agreement with the experiment. This indicates that the transfer characteristics alone are not 

sufficiently sensitive to distinguish whether the underlying electrostatic renormalization proceeds 

through a single smooth crossover or a more structured sequence of transitions. The integrated 

current can remain well reproduced as long as the overall gate-control reduction is described 

correctly.

The distinction emerges clearly in the gm. Figure S3b shows that the one-crossover model 

captures the overall rise and fall of the gm, but fails to reproduce the shoulder-like feature on the 

higher-VG side of the main peak. In contrast, the two-crossover model reproduced both the 

principal peak and subsequent shoulder with substantially improved fidelity. This difference 

follows directly from the structure of the electrostatic correction: a single crossover produces only 

one dominant localized variation in Cq, and only one principal feature in d�/dVG, while two 

partially separated crossovers generate a more structured differential response.

The implication is not that individual sub-bands are spectroscopically resolved in the present 

data, but that the measured cryogenic gm requires at least two effective crossover components in 

the VG evolution of Cq. The two-crossover form is best understood as the minimal compact 

representation capable of reproducing the experimentally observed differential electrostatic 

structure. In this sense, it is not an arbitrary increase in fitting flexibility, but the simplest physically 

grounded description that self-consistently accounts for the cryogenic shoulder.

6. Conclusion
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In summary, we established a unified physical framework to resolve the long-standing 

inconsistency between accurately reproduced ID and anomalous gm in cryogenic short-channel 

transistors. Using a 65-nm Si n-channel transistor as a representative platform, we showed that a 

Landauer-consistent transport baseline captures the measured ID with high accuracy from 250 K 

to 12 K, but remains insufficient to reproduce the shoulder-like gm feature that develops at deep 

cryogenic temperature. This result demonstrates that the successful modeling of the current 

magnitude alone is not sufficient to describe its VG sensitivity.

By explicitly separating the transport and charge-modulation effects in the gm, we identified 

the missing physics as quantum-statistical electrostatics. As the temperature decreased, the 

sharpening of the Fermi–Dirac distribution caused the Cq to evolve more abruptly with the gate 

bias, which in turn produced a strongly bias-dependent gate-control factor. The resulting 

differential term associated with d�/dVG becomes sufficiently localized at low temperature to 

reshape the gm profile and generate the experimentally observed shoulder. The cryogenic gm 

anomaly should therefore be understood not as a transport anomaly in the conventional sense, but 

as a differential electrostatic consequence of rapidly varying gate-to-charge coupling.

Based on this, we developed a compact Cq-corrected model that preserves the established 

Landauer-consistent transport backbone while incorporating the electrostatic renormalization of 

gate-induced charge modulation. This framework simultaneously reproduces both the ID and gm 

across temperatures and shows that the low-temperature shoulder requires a two-crossover 

description of Cq, indicating a structured evolution of the gate-control response with gate bias. The 

present results clarify why transport-only descriptions remain incomplete even when they 
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accurately reproduce the transfer characteristics. More broadly, they provide a predictive and 

physically grounded basis for modeling the gm under cryogenic transistor operation, where 

transport and electrostatics must be treated self-consistently rather than independently.

The present compact framework is also complementary to ab initio and DFT-based transport 

approaches.27,28 While atomistic calculations can provide material-specific inputs such as the 

density of states, sub-band structure, transmission function, and energy-dependent conductivity, 

they would refine the microscopic ingredients rather than change the central transconductance 

decomposition developed here. In this sense, the proposed model provides an experimentally 

accessible compact counterpart to atomistic transport simulations for analyzing gate-control-

limited gm behavior in low-dimensional and quantum-capacitance-limited transistor platforms.

Methods

Device fabrication. The device analyzed in this study was an n-channel bulk Si transistor fabricated 

using a commercial 65-nm low-power complementary metal-oxide semiconductor (CMOS) 

technology provided by TSMC. A low threshold-voltage device option was used. The transistor 

was formed on a p-type Si substrate using a conventional planar CMOS process. The gate dielectric 

consisted of thermally grown SiO2 with a physical thickness of 2.6 nm. The channel width and 

gate length were W = 2 �m and L = 65 nm, respectively. No post-fabrication treatment or 

additional process modifications were introduced after foundry fabrication.

The choice of a 65-nm channel length was motivated by the transport regime of interest. At 

sufficiently high temperatures, the carrier transport in this geometry remained close to the diffusive 
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limit, while cooling increased the carrier mean free path and progressively enhanced the role of 

finite-length injection effects. The device provides an experimentally suitable platform for 

examining the crossover from drift diffusion-like transport to quasi-ballistic transport, and for 

testing whether transport-only descriptions remain sufficient to explain the measured gm at 

cryogenic temperatures.

Electrical measurements. Electrical characterization was performed in a closed-cycle cryogenic 

probe environment under high vacuum. Gate and drain biases were supplied, and the drain current 

was recorded using a Keysight B2902 source-measure unit. Cooling was provided by a Gifford–

McMahon closed-cycle cryostat (Sumitomo RDK-415D). Although the cryostat was capable of 

reaching lower temperatures, the measurements analyzed in this study were performed over the 

range from 250 K down to 12 K at a fixed drain bias of VD = 0.1 V. The gate voltage was swept 

at a rate of 0.09 V/s, and no measurable hysteresis was observed between forward and reverse 

transfer scans under this measurement condition.

The sample was mounted on an oxygen-free high-conductivity copper holder mechanically 

anchored to the second-stage cold head. All measurements were performed at a vacuum level of 

approximately 10�6 Torr. The device temperature was monitored using sensors located near the 

sample position, and each measurement was acquired only after sufficient thermal stabilization 

was achieved. An electrical connection to the device was established through dedicated cryostat 

feedthroughs.
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Data analysis and fitting. The measured ID-VG characteristics were analyzed using a two-step 

modeling procedure. In the first step, a Landauer-consistent transport baseline was constructed at 

each temperature to extract the transport parameters {VT, �0, �1, �2, and �VT} and generate the 

reference responses ID,0 and gm,0. In the second step, the residual discrepancy in the gm was treated 

within the Cq-corrected framework by introducing a gate-control factor � = Cq/(Cox + Cq) and fitting 

the measured ID and gm simultaneously using a two-crossover parameterization of Cq in the 

effective gate-overdrive domain.

For the multitemperature fitting of the corrected model, the Cq amplitudes were treated as 

global parameters shared across temperatures, while the transport parameters and crossover 

descriptors were optimized as temperature-dependent local parameters within constrained bounds. 

The final optimization was performed over the full temperature set using a hierarchical fitting 

strategy designed to preserve the Landauer-consistent transport backbone, while introducing only 

the electrostatic degrees of freedom required to reproduce the cryogenic gm anomaly. A detailed 

description of the fitting workflow, objective function, parameter hierarchy, optimization 

procedure, and corresponding pseudocode is provided in Supplementary Note 4. The derivation of 

the Landauer-consistent transport baseline and the justification of the approximation Cs � Cq are 

given in Supplementary Notes 1–3.
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Figure 1. Temperature-dependent transfer characteristics of the 65-nm Si n-channel transistor 

measured from T = 250 K down to 12 K at a fixed drain bias of VD = 0.1 V. (a) ID–VG 

characteristics showing the systematic enhancement of the subthreshold slope and on-state current 

with decreasing temperature while preserving a smooth and monotonic gate-voltage dependence. 

(b) gm–VG characteristics showing the evolution of the gm peak with temperature and the emergence 

of a distinct shoulder-like feature on the higher-VG side of the main peak at 12 K. The absence of 

a corresponding anomaly in ID indicates that the cryogenic anomaly manifests specifically in the 

gm.

Figure 2. Full multitemperature comparison between the measured characteristics and Landauer-

consistent transport baseline over the investigated temperature range of 12 K to 250 K. (a) ID–VG 

characteristics and (b) gm–VG characteristics. Symbols represent the measurement data, and lines 

represent the Landauer-consistent model. The model reproduces the measured ID with high 

quantitative accuracy across temperatures, capturing the smooth and systematic evolution of the 

transfer characteristics. In contrast, although it describes the overall temperature dependence of 

gm, it fails to reproduce the shoulder-like feature that emerges at deep cryogenic temperature to 

reveal a residual ID–gm inconsistency beyond the transport baseline.

Figure 3. Full multitemperature comparison between the measured characteristics and Cq-corrected 

model over the investigated temperature range of 12 K to 250 K. (a) ID–VG characteristics and 

(b) gm–VG characteristics. Symbols represent the measurement data, and solid lines represent the 

Cq-corrected model. (c) Mean relative errors of ID and gm as a function of temperature, comparing 
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the Landauer-consistent and Cq-corrected models. The corrected framework preserves the high 

accuracy of the transport baseline for ID while substantially improving the reproduction of gm 

across the full temperature range, including the cryogenic shoulder feature.

Figure 4. Physical origin of the cryogenic transconductance anomaly in the Cq-corrected 

framework. (a) Decomposition of the corrected transconductance at T = 12 K into the 

multiplicatively renormalized baseline term �gm,0 and the differential electrostatic term 

ID,0(d�/dVG), together with their sum gm,new. Symbols represent the measurement data. The 

comparison shows that the shoulder-like feature on the higher-VG side of the main gm peak does 

not arise from the renormalized transport baseline alone, but emerges only when the differential 

electrostatic term is included. (b) Temperature dependence of Cq, �, and d�/dVG at T = 12 K and 

250 K. As the temperature decreases, the evolution of Cq becomes sharper, which leads to a more 

abrupt variation of � and a more localized d�/dVG to produce the pronounced cryogenic shoulder 

in gm.
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0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1
0.0

0.2

0.4

0.6

0.8

1.0

1.2
12 K

30 K

75 K

100 K

150 K

250 K

g
m

 (
m

S
)

VG (V)

a

0.0 0.2 0.4 0.6 0.8 1.0

10-7

10-6

10-5

10-4

10-3

12 K

30 K

75 K

100 K

150 K

250 K

I D
 (

A
)

VG (V)

0.0

0.1

0.2

0.3

0.4

0.5

I D
(m

A
)

b

VD = 0.1 V

Page 39 of 44 Nanoscale Horizons

N
an

os
ca

le
H

or
iz

on
s

A
cc

ep
te

d
M

an
us

cr
ip

t



39

Figure 2
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Figure 3

a

0.6 0.7 0.8 0.9 1.0 1.1
0.0

0.1

0.2

0.3

0.4

0.5

I D
 (

m
A

)

VG (V)

0.6 0.7 0.8 0.9 1.0 1.1
0.2

0.4

0.6

0.8

1.0

1.2

g
m

 (
m

S
)

VG (V)

b
symbol : measurement

line : Cq-corrected model

12 K

250 K

symbol : measurement

line : Cq-corrected model

c

0 50 100 150 200 250
0.00

0.01

0.02

0.03

0.04

0.05

M
R

E
 o

f 
I D

T (K)

0 50 100 150 200 250
0.00

0.01

0.02

0.03

0.04

0.05

M
R

E
 o

f 
g

m

T (K)

Landauer-consistent model

Cq-corrected model

Page 41 of 44 Nanoscale Horizons

N
an

os
ca

le
H

or
iz

on
s

A
cc

ep
te

d
M

an
us

cr
ip

t



41

Figure 4
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Data availability
The data that support the findings of this study, including temperature-dependent electrical 
measurement data (ID–VG and gm–VG characteristics) and the processed datasets used for analysis 
and modeling, are included within the Article and its Supplementary Information. Additional raw 
data supporting the conclusions of this work are available from the corresponding author upon 
reasonable request.
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